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Abstract: 

The Higgs vacuum - with its constant background field - is not 'empty' but is a kind 
of medium. Any ordinary medium, viewed at sufficiently long length scales, has a hydro- 
dynamic description and can propagate sound waves. The vacuum medium is unusual; 
the speed of sound is formally infinite and there is no linear sound-wave regime. Instead, 
long-wavelength disturbances are described by some intrinsically nonlinear hydrodynamic 
equations. 



The purpose of this Letter is more to raise questions than to answer them. The premise 
is that the vacuum of the Standard Model, with its non-zero background field {(f)) ^ 0, is 
a kind of medium The only other assumption is that a "mean free path" scale A m f p 
exists and is finite. (While A m f p must be long compared to particle-physics length scales, 
whether it is a millimeter or an astronomical or cosmological scale is another question.) 
My point is that at sufficiently long length scales L S> A m f p any fluid medium can be 
described by hydrodynamics (see, for example, || ||, ||). That is, it can be treated as an 
ideal fluid up to corrections of order A m f p /L ||. 

In the hydrodynamic regime the only relevant modes are those directly linked to con- 
servation laws. In particular, energy-momentum conservation equations lead directly to 
longitudinal pressure waves — sound waves. Let us briefly review the derivation. The 
energy-momentum tensor for a perfect fluid has the form [c = 1, g^ v = diag(l, —1, —1, —1)] 

rpfiU = (£ + p) U ^ _ p g ^ } (1) 

where £ is the energy density, P is the pressure, and u M is the flow 4-velocity 

= (uq,u), with Uq — u 2 = 1. (2) 

The energy-momentum conservation equation d^T^ = yields 
8 8 f)P 

at [(f + P) "°] + [(f + p>u '"° ] -St =0 ' (3) 
§[( £ + PN«.]+A [( £ + P)tt V] + ff = o. (4) 

Consider a small perturbation about a static, homogeneous equilibrium state <?o, Pq, u = 0. 
If the pressure variation 5P and the energy variation 5£ are sufficiently small they must 
be proportional, with their ratio fixed by the thermodynamic derivative 



dP 
d£ 



(5) 

o 



Let if) = ip(x,t) denote the pressure variation 5P. Substituting P = Pq + if) and £ = 
£q +ip/Vg into the equations above, keeping only terms first order in tp and/or \u\, yields 

-L^ + w.a = o, (6 ) 

du , . 

V^ + ^ = 0, (7) 
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where T> = £q + Pq. (For a nonrelativistic fluid T> would be the mass density.) Taking 
d/dt of the first equation minus V. the second yields 

18V W = 0, (8) 



v 2 dt 2 

which is the wave equation with wave velocity v s . 

Thus, the speed of sound is given by the thermodynamic derivative in Eq. (|5|). For a 
classical gas, v s reflects the average speed of the molecules and vanishes at zero tempera- 
ture. However, a quantum gas of bosons has v s 7^ even at T = 0. For zero temperature 
the energy density £ is a function only of the number density n and the pressure is given 

by 

P=- f + 4, (9) 

so we may express v 2 as 



I 

J dn 



C~ L /V. (10) 



Here C is the compressibility (C 1 is the adiabatic bulk modulus) and T> = £q + Pq, as 
before. For a nonrelativistic dilute Bose gas the £(n) function is 

£ = nm + n 2 ( , 11 

\ m J 

where a is the scattering length. The first term is just the rest-energy contribution (c = 1); 
it dominates the energy density nonrelativistically, but cancels in the pressure. The second 
term arises from the 2-body interactions. From the last two equations one obtains the 
familiar Bogoliubov result v 2 = A7rnah 2 /m? Q. 

An 'empty' vacuum could be viewed as the n — > limit of the preceding case. It is 
uninteresting for two reasons: the mean free path l/(na 2 ) necessarily tends to infinity, 
and the speed of sound tends to zero. 

However, a Higgs-type vacuum is quite different. The energy density is minimized, not 
at n = 0, but at a local minimum, n = n v . (See Fig. 1.) Thus, d£/dn vanishes in the 
vacuum. It follows directly that T> = and v 2 is infinite! 

However, the linearized equations (||, ^) are valid only when if) <P. For any ordinary 
medium there is always such a linear regime, but for the vacuum T> = 0. Thus, we must 
return to the full equations. The fact that v 2 = oo in the Higgs vacuum really means 
that 5£ and 8P are no longer proportional to each other. While 5P is linear in 6n, the 
energy-density change 5£ is second order in Sn. Hence, we find || 

5£ = \C{5P) 2 . (12) 
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Figure 1: The form of 8(n) in the Higgs- vacuum case. The vacuum is at n = n v where 
d£/dn = 0. 



Substituting 5P = ip and 58 = \Cijj 2 into Eqs dj| we obtain the nonlinear equations 
of "vacuum hydrodynamics:" 

sW)4W-¥ = °- (13) 

i. M+ A, {xuV) + ^ = o, (14 ) 

where x = i> + ^ 2 . (Note that 8 + P = 68 + 5P = x-) 

These equations represent conservation of energy and momentum, respectively, in a 
fixed reference frame. Alternatively, one may obtain manifestly covariant equations by 
taking components in the local co-moving frame |||; i.e., by considering u^d v T^ v and 
A^duT^, where A^ a = - u^u a . These yield 

xd^ + u u d v {\C^ 2 ) = 0, (15) 

X u u d v u a - A^iP = 0. (16) 
Using the first equation, the second can be recast as 

^(A^x) - d a {\C^ 2 ) = 0. (17) 

Note that, unlike ordinary hydrodynamics, if there is no pressure disturbance (ip = 
everywhere), the flow is unconstrained. 

If the pressure disturbance is very small, it is natural to assume, provisionally, that 
the tp 2 terms may be neglected (which has the same effect as setting C = 0). With this 
simplification Eq. ( |i~5| ) reduces to 

= (18) 
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(wherever tft ^ 0), which is the relativistic version of the incompressible-fluid condition. 
If one further specializes to quasi- 1-dimensional solutions (independent of the y, z coordi- 
nates) and substitutes uq = 7, u = jv, with 7 = l/v 1 — v 2 , the above equation reduces 
to 

dv dv , , 

"* + & = °- < 19 > 

The other equation for the pressure reduces to 

d(ibv) dtp 

Formally, an implicit solution to (19) is v = g(x — t/v), where g is an arbitrary function 
(with g(x) representing the initial conditions at t = 0). The second equation has a 
formal solution ip = f(v)dv/dt, where / is an arbitrary function. These solutions imply a 
tendency for disturbances to propagate at superluminal speeds l/v (see later). A detailed 
investigation of the solutions to these equations, utilizing some powerful mathematical 
theory 0, is a task postponed to future work Q. 

These strange equations have arisen simply by taking seriously the idea that the vac- 
uum is a sort of medium. The underlying dynamics is unimportant except in three respects: 
(i) it must result in a non-trivial vacuum; (ii) it determines the compressibility, C; (hi) 
it sets the A m f p scale. In the Standard Model the vacuum is non-trivial both because of 
the quark and gluon condensates of the QCD sector and because of the Higgs field. For 
the latter case one can reasonably neglect the gauge and fermion fields and concentrate 
on the dynamics of the scalar field alone. An account of this dynamics in simple, physical 



terms has been given by Consoli and the author in Ref. [1C] and I outline the story here 
because it makes the notion of the vacuum as a medium much more vivid. 

Consider single-component Xcj) 4 theory [T^j in a region of parameters where the effective 
potential has both a minimum at <ft = and a deeper minimum at = ±v. (Such a 
situation is possible, as will be seen.) The particle excitations above the meta-stable, 
'empty' vacuum I shall call 'phions.' The broken-symmetry vacuum, described in terms of 
phions, is a spontaneous Bose-Einstein condensate, and the Higgs boson is the quasiparticle 
excitation of this condensate. 

The reason that phions want to condense can be understood in simple terms. Their 
fundamental interaction is the 4-point vertex, which, expressed as an interparticle po- 
tential, is a repulsive <5( 3 )(r) potential. However, a long-range, attractive interaction is 
induced by the "fish" diagram involving exchange of two virtual phions. This interaction 
has the form — 1/r 3 , if one neglects the mass of the exchanged phions. (Including the 
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phion mass basically cuts off this potential at distances > 1/m.) Contributions from other 
diagrams either produce short-range interactions, which can be absorbed into the j( 3 )(r) 
term, or additional — 1/r 3 contributions. 

Now consider a large box, volume V, with periodic boundary conditions, that contains 
N phions. Provided the system is dilute the ground state corresponds to almost all the 
phions being Bose-condensed in the zero-momentum mode; hence the energy is 

E = Nm + iN 2 u, (21) 

where the first term counts the rest energies of the N phions and the second is the number 
of pairs times the average energy of a pair, u. The diluteness assumption means that 
three-body interactions, etc., can be neglected. Since almost all the phions are in the 
zero-momentum mode, whose wavefunction is uniform across the box, the average energy 
of a pair is just 

u = ^Jd 3 rU(r), (22) 



where U{r) is the interparticle potential. Substituting this into fl2l|) and dividing by 
volume gives the energy density as 

n 2 f 

£ = nm+ — d 3 rU(r). (23) 

The potential U (r) contains a repulsive core piece, which integrates to a constant (propor- 
tional to the scattering length, a), and a —1/r 3 term, which yields J dr/r. The ultraviolet 
divergence can be regulated by invoking a core size ro (inverse cutoff), but an effective 
infrared cutoff r max must also be present. 

As noted earlier, the phion mass will ultimately cut off the —1/r 3 interaction at dis- 
tances > 1/m. However, when m is very small a more important consideration is the 
'screening' by the background density of phions. Hence, the ln(r max ) basically turns into 



a logarithm of n [12|. The energy density thus has the form: 

£ = sum of n, n 2 , n 2 Inn terms. (24) 

The three terms represent (i) one-particle rest energies, (ii) the energy cost of repulsive, 
short-range, two-particle interactions, and (iii) the energy gain due to attractive, long- 
range, two-particle interactions — with the Inn arising because the incipient infrared 
divergence is cut off by the background density effect. If the phion mass is sufficiently 
small then (iii) wins, so that an empty box (n = 0) is energetically disfavoured, compared 
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to a condensate of some optimal density n v (see Fig. 1). In field-theory language £ (n) is 
V eS {4>), withn= im0 2 @. 

Next, one wishes to remove the ultraviolet cutoff (send rg — > 0) such that the Higgs 
mass Mh stays finite JOJ. It turns out that the scattering length a associated with the 
repulsive-core interaction (which enters in the coefficient of the n 2 term; Cf. Eq. ([LTD) 
must tend to zero. In fact |10[] , we need a, m, and l/n„ to be of order e 1 / 2 , where 
e = 1/ In (cutoff /M/j), and M% = 8irn v a. The vanishing of the scattering length reflects 
the 'triviality' of Xcj) 4 theory in 3 + 1 or more dimensions fl4}| . Note that 'triviality' means 
hierarchy generation, since it means that the scattering length is tiny (infinitesimal in the 
limit) compared to the physical length scale set by Mj~ . In fact, there is a rich hierarchy 
of length scales |TJ: r «SC a < n^ 1/3 < M^ 1 < A mfp . 

The important point here is that the mean-free-path scale A m f p = l/(na 2 ) would be 
infinite if we were to take ro all the way to zero. Thus, in the infinite-cutoff theory there 
would be no hydrodynamic regime for the vacuum. However, if the Standard Model is 
only an effective field theory then we can expect A m f p to be a long, but finite, length scale. 
One natural speculation [lj|] is to identify a with the Planck length — in which case 
A m fp is of order millimeters/centimeters. 

I now return to the intriguing feature that the vacuum-hydrodynamic equations seem 
to imply propagation at arbitrarily large speeds c 2 /v . The first point to make is that 
hydrodynamics makes sense only for long length scales and so is not applicable to sharp 
wavefronts. Thus, superluminal signalling, which requires sending real "news" (some 
sort of discontinuity), is presumably still impossible. One only gets in real trouble with 
causality if the propagation speed for arbitrarily high frequencies is greater than c Jl^ ]. 
The second point is that the propagation is of a collective excitation that is made up 
of phions that themselves move at speeds < c. Exactly the same issue arises for a non- 
relativistic Bose-Einstein condensate of atoms: A phonon with tiny momentum k is made 
up of atoms with tiny velocities ±k/m, yet it moves at a finite speed v s . 

Many other questions remain to be addressed [|Tj]] . To what extent are these nonlinear 
vacuum disturbances akin to sound waves? How can they be detected and/or produced? 
Could gravitational-wave detectors be sensitive to these scalar, longitudinal disturbances? 
What are the astrophysical and cosmological consequences? A thorough study of the 
solutions to the vacuum-hydrodynamic equations may perhaps shed light on these and 
other questions. 
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